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Switching dynamical systems as a new paradigm in the 
interest rate modeling

Alexander L. Baranovski, Carsten von Lieres and André Wilch
19. May 2009/Eurobanking 2009

� Exponential polynomial model of the term structure of interest rates

� Differential equations for Nelson-Siegel and Svensson models

� Fitting of the zero curves: performance of the model - a comparison

� Evolution of the forward rates: hybrid dynamical system forced by shot noise

� Nelson-Siegel fit for zero curve: Design of a 3d hybrid dynamical system

� Asset prices model; pricing the European options; Brownian subordination

� Exponential term structure of interest rates: design of  dynamical system 
forced by chaotic shot noise
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� Exponential-polynomial term structure of interest rates [Björk & Christensen, 
1999; Filipovic, 2000]

� Nelson-Siegel (N-S) curve

� Svensson (SV) curve

� N-S and SV methods of fitting the yield curves 
are widely used among central banks

The interest rate model -I
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� Exponential mixture (EM) curve
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* BIS, 1999
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� Linear n-th order ordinary differential equation

� Characteristic polynomial

� Roots of D(g) = 0 and Vieta formula

� Matrix form

The interest rate model -II

( ) ( ) ( )0tt e ×= ×F �f f
� Vector solution
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Differential equations for N-S and SV models

� Nelson-Siegel curve
�

� Dimension of ODE

� Characteristic equation

where

� Differential equation

� N-S curve is a general solution of the ODE as a combination of the two
obvious particular solutions of ODEs

� Svensson (SV) curve
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Fitting of the zero curves
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observable time period: 23.02. 2006 – 14.01. 2008

can be done in a closed form.
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Performance for EURIBOR (23.02.06 – 14.01.08)
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Fitting of the zero curves : solution
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Performance of the fitting of the yield curves

the ratios
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Thus our yield curve fitting is about 9 and 6 times better 
than conventional N-S and SV one, as well as 5 times better 
than an exponential curve with l = 6, respectively!!!

mean of the cost function
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Evolution of the forward rates

� instantaneous forward rate at time t for date  �

with the given vector         and initial state vector  

the forward rates on the date � is 
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Assuming       is given � – evolution of  r as a train of  curves

( ) ( )10, ,Tt t t+= -� f Z f Z

( ) ( )0, 0, 1r T r T tt t t t x× + = × - - +( ) ( ) 12 0,2 2 0,1r T r T x× + = × - +
a law for the short rates

a law for the impulse perturbation 
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[Baranovski&Rybin, 1987]

( )1 1 1, ,...,t t t+ -= P� � � �
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Design of a hybrid dynamical system

Optimal fit solves n-th order switching ODE  
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1,3,5 54321 ====== pppppl
where 

1,3,5 54321 ====== pppppl

Example: NS fit

( ),2 2 Ttrrr ×-=¢+¢¢-¢¢¢ tdxgg ttt

( ) ( ) ( ) ( ) ( ) ( ) ( ) )exp()(11,,0 321211 TTcccccZTfZf tttt gtttttx -×+--+++º-= +

From the output of the above fitting procedure we retrieve the time series

( ) ( ) ( ){ }478,,2,1,,, 321 == qccc �tgttt t

for the observable time period: 23.02. 2006 – 14.01. 2008

where stochastic perturbation is

Goal: to design a generator � with the given stat. properties of both processes � (� ) and � (� ) 

( ) ( ) ( )( ) ( ) )exp(),( 321 ttccctfNS tgtttt -×++=


�,>� ( ) ( )1 1 1 1 1, , ,...,
T

t t t t tz x g z z z+ + + -º = P
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Statistical analysis of � (� ) and � (� )
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Statistical analysis of � (� ) and � (� )
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Sample autocorrelation functions

Mean:

Variance: grow exponentially

the both processes are diffusion processes! 
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Mutual correlation of � (� ) and � (� )
Pearson product-moment correlation coefficient :
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Pearson product-moment correlation coefficient
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design a generator � with the given stat. properties of both processes � (� ) and � (� ) 
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Approach II: F is a constant state matrix

� idea: we find

and find from fitting
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, 0d dt d t T= × + £ £r F r �

Dynamical system forced by shot noise

We consider:

( )

( )

( )

N t

i i
i

t

d t t dt

x

d= -�� A
�������

tk are successive occurrence times of � - impulses:

{ }ttktN k £= :max)( is a counting process.  

The impulse perturbation acts on system: ( ) ( )0 0k k kt t+ = - +r r A

we assume that r is a cadlag function.
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 � 
 � Law of total variance

( ) ( ) ( ) ( )( ) ( )( ) ( ) ( )2

0A
tc n

D D A E N t D N t E A D A Nh
=

= + =

 

t tk 

hk 

hk+1 

Tk 

tk+1 tk-1 

Tk+1 

h(t) 

Random/Chaotic marked point process

1D case: stat. analysis of the forcing signal

1k k kAh h -= +
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1D case: stat. analysis of the forcing signal

( ) [ ]
2 2

1

1
, 0,1 , 0,1,...,

kt
k t

L i
iA A

W t A t k L
L L

h

s s

� 

 �
� 

 �

=

= = Î =�

0 0.2 0.4 0.6 0.8 1
t

-2

-1.5

-1

-0.5

0

0.5

1

W k
�
t�

 

weakly converges (L�� ) to the Wiener measure. The partial sum 
converges in distribution to the Wiener process W [Chernov,1995]. 

A Weak Invariance Principle

the distribution function of  � (t) is

( )( ) ( )( ) ( ) ( )tA

CLT

k
ktN NzPktNPzP ×N®£×==£ � 2,0 shh

( )kk AA F=+1

kA
1

1
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Properties:

Asset price process is modelled as 

( )

dS
rdt d

S
d t dt

h

h x

= +

=

1) Markov property: the next asset price (S+dS) depends solely on today’s price

( ) ( )( 0)E dS rSdt as E dh= =

2) The next value for S is higher than the old by an amount

3) Variance of dS is

( ) ( ) ( ) ( )( ) ( ) ( )
2

22 2 2 2 2

for a case W

t

dt

D dS E dS E dS E S d S D d S D A dN

s h s

h h
º

= - = = =
����� 	

Example: asset prices model

Asset prices exhibit jumps or spikes! 1000 2000 3000 4000

3000

4000

5000

6000

7000

8000

DAX: 1970-2006
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We want to price a call option:

( ) ( ) ( ) ( ), r t r t
S

K

C t K e E S K e x K dxm
¥

+- × - ×� �= - = -
 � �

( ) ( )

( ) ( ) ( )( )

( )( )

( )( )

( )

1

0

1
0 0

0 0

2
2

,

,

ln

1
ln ,

,
2

n

S S

r t t
S t

n
n

n

dx p x t dx

p x t P S x P S e x
x x

x
P N t n P r t

x S

x
P N t n p r t

S x

D A
where r r

T

h

h

m

h

s
s

+

× +

¥

+
=

¥

=

=

¶ ¶
= £ = £

¶ ¶
� �� �¶

= = × £ - ×� �� �� �¶ � �� �

� �� �
= = × - ×� �� �� �� �� �

= - =

�

�













( ) ( )( ) ( )
0

, , ,r t
n

n

C t K e P N t n C t K
¥

- ×

=

= = ×� ( ) ( ) ( ), |nC t K E S K N t n
+� �= - =
 �

Or equiv.:

Valuation of European options
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Problem: to find pdf of ( )
1

1 1
1

, where ,
n

n k k k
k

A A Ah
+

+ +
=

= = F�
( ) ( ){ , , 1,2,...,i i i ix x a x b x J i mjF = = + Î =

( ) ( ): , , , 0a a a a aF - ® - >

1
1

1 1 2 3
1

1
( ,..., ) ( , ,..., )

l

l

bm j
a

k k k k
l l l

e
a a

w w
w w w w w

- ×

-
=

Q = × ×Q +�

Recurrence equation for char. function [Baranovski&Schwarz, IEEE, 2003]:

with

 

1

1
0

1
( ) ( )

i
i x i x

A

e
e p x dx e dx

i

w
w ww

wC

-
Q = = =� �

( ) ( )
21

( ) ( ( ) ) ( ) , 0,
2 3A A

X

a
p y x y p x dx a y a E A D A

a
d= F - = - < < 	 = =�

( )( ) ),...,,(expexp)(
positions

,...,
1

1 �����
k

AA

k

i
ikk k

AjEjE wwwwwhw Q=��
�

�
��
�

�
�
�

�
�
�

�
==Q �

=

Distribution of partial sums of jumps-I

kA-a a

a
1+kA
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1
( ) ( )

2k

i x
kp x e dw

h w w
p

¥
-

-¥

= Q�

( ) ( ) ;
1

,;
1

,
1

1

1

1 1

1

21 Õ � Õ�
-

=

-

= =

-

=

×==
k

n

k

n

p

l i

k

np
i

i l

p

n
a

bk
a

kwhere jljl ( ) � Õ
-

=

-

=

+=
1

1

1

3 1
1

,
k

n

k

np i p
a

kjl

( )
( )

( ) ( )[ ] ( )[ ]{ } kaxkakxsignkkxsign
k
km

iii k

££-F+-F-F+
F
F

= �
=- 1,...,,

232
3

1

121

,,,,
,
,

lll
l
l

10 20 30 40 50 60

0.01

0.02

0.03

0.04

0.05

0.06

( )|Sp x t

( )

0

2

34€, 30€, 0.2;

0.5; 1/ , 3 0.245,
3

K S

a
T T a T D A

s

l s

= = =

= = = × × » =

Example:

x( ) x
Tp x e ll -=

Distribution of partial sums of jumps-II
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12
( , )

11 1
1

1
( ) (2 1)

2 2

k

i f k j
k k k

j

e jw w
w

-

- -
=

� �Q = Q -� �
� �

�

( )
2

1

2 2 1

2 1
( 1, ) , 1,2,..., 2

( , ) ; 1,1 =02
( 1, 2 ), 2 1,..., 2

k
k

k k k

j
f k j for j

f k j f
f k j for j

-
-

- - -

-�
- + =�= �

� - - = +�

( )

( ) ( )
( )( ) ( )( ) ( )

( )

2 1

1

2

0 11

2

0 2 1 2
1

2

2 1
2 , ;

2
1 1

, , ;
2 2 1

0, .

j

B Br t
j

B tBr t
j

i

i
S e e e K a if B t B

C t K S e e e K B B t if B B t B
a i

if B t B

-

×
-

×

=

-� - - × × <�
��

= - - × - < <�
- �

>�
��

�







( ) ( )1 2 1 1
0

2 1
ln , 2 , , 2

2 2j

K j i
B t r t B a f j i B B a

S -

� � -� �= - × = × - = + ×� � � �
� �� �




( ) ( )( ) ( )
0

, ,r t
n

n

C t K e P N t n C t K
¥

- ×

=

= = ×�

Chaotic option pricing formula

 

( )kk AA F=+1

kA
1

1
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Implied volatility:

BSs

implieds
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( ) ( ), , , 0implieBS chaosdC t K C t Ks - =

Comparison with Black-Scholes and "smile"
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( ) ( )( )
( )

1

1

,

isa tent map, isa uniformrandom

j j
k k

j

A A

A

+ = F

F
( ) ( )( ) ( )

1 1,j j j
k kT T T is a randomj+ =

0.5 1 1.5 2

1

2

3
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( ) x
Tp x e ll -=

( )kTj

kT

maturity

1 5

( ),chaosC t K

Monte-Carlo Simulation and Black-Scholes
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( )( ) ?W th - ( )0,W t® N ( )
( )

1

N t

k
k

t Ah
=

= �

Properties:

( )( ) ( )( ) ( )| 0 0E W E E W Eh h h� �= = =
 �

( )( ) ( )( )
( )

( )( ) ( )

( )( ) ( ) ( )
0

| |

| 0

t

t

D W E D W D E W E t

E E N t E N t E A N A A

h

h h h h h h

h

� � � �
� 
 � 
= + = � �
 �� 
 � 



 �� 

 �

� �= = × = × 	 >� �
 �
 �

������� �������

( ){ } ( )( ) ( ) ( ){ }
( )0,

|
k

k A

P W y P N t k P W y N t kh h

N ×

< = = × < =� �����������

Building hybrid (stochastic/chaotic) processes 
by Brownian subordination
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C t K e E S e K

B t B tkA
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- ×

� �� ��� 
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Hybrid option pricing formula
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, 0d dt d t T= × + £ £r F r �

where �  is a cadlag function and F has simple real negative eigenvalues: 
an exponential term structure of interest rates

a general solution
1

1 1
0 1

1

( ) ( ) ( ) ,
k

l k kt t t t at t t t
-

- -
-

=

= + - £ <�r � E � r � E � A �
�

 1

 2

 1

1 2 1

2 2 2
1 2 1

1 1 ... 1 0 0 0
... 0 0 0

, (t)
... ... ... ... 0 0 ... 0

... 0 0 0 n

t

t
n

n n n t
n

e

e

e

g

g

g

g g g

g g g -

-

- - -
-

� �� �
� �� �
� �� �= = � �� �
� �� � � �

� � � �

� Ewhere

Dynamical system forced by shot noise
We consider:

( )

( )
N t

i i
i

d t t dtd= -�� A

D�
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( ) ( ) ( )1
1 1k k k kt T t-

- -= - × × ×A r � E � rAs �  is a cadlag one can derive

( )0,0, ,0,
T

k kA=A �

Magnitudes of jumps: empirical evidence

• observable time period: 23.02. 2006 (� =1) – 14.01. 2008 6� :��97

Assume:  successive occurrence times  of � – impulses are W×=ktk

( ) ( ) ( ) ( )( )1, 1 ,k k kt t t-= ×W - × W × × - ×WA r � E � r

Last componentFirst component

0.02 0.03 0.04 0.05 0.06
years

0.000118317

0.000118317

0.000118318

0.000118318

0.000118318

A1
�k�

0.01 0.02 0.03 0.04 0.05 0.06
years

100

200

300

400

500

600

A5
�k�

Day-to-day dynamics of the magnitudes on the trade day 04.12.2007 (� = 455)

( )kA1

( )kA5

just (n-2)-th derivative of a solution r(t) changes by jump:
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1. successive occurrence times  of � – impulses are W×=ktk

( )0,0, ,0,
T

k kA=A �

( ) )1 ,t k kÎ - W W�
( ) ( ) ( ) ( ) ( )
1

,
1

, 0,1, , 2
j k

j
j p j pj

p

d
r t r t r t t A j n

dt
a

-

=

= º = = -� �

( )
 i

1

, , 1
1

tn p
j

p j i n i
i

t s e
g

a g
� �- -� �W� �

-
=

= ×� , 1i ns - are the elements of the inverse matrix 1-�

. 

Dynamical system forced by periodic shot noise

2. the vector of magnitudes

solution >

where:

( )( ) ( )
1

,
1

k

j j p j
p

r E r t A ta
-

=

= = �

( )( ) ( ) ( ) ( ) ( )
1 2 1

2 2 2
, , ,

1 1 1

2
j

k k k l

r j A i j A i j i l j
i l i

D r t t c l t ts s a a a
- - - -

+
= = =

º = +� � �

Mean:

Variance:

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )1 2 2
1 1, 2, 1,, , , , cos exp 2

j

CLT

j j k j j k j j r
t

t E i r t t t t ry w w wa wa wa w w s-
- -

®¥
º × = Q ® × -�

Characteristic function:
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Example: periodic perturbation

Example: • observable time period: 23.02. 2006 – 14.01. 2008

( )mediantr t, is a median fitted curve of the instantaneous forward rate on the date ��D��D����

59.1,83.3,94.1,68.2,21.4 54321 -=-=-=-=-= gggggwith a spectrum

( ) ( ) ( )14.24 82.25 208.81 267.94 132.77V IV
i

i

r r r r r r A t id¢¢¢ ¢¢ ¢+ × + × + × + × + × = - ×W�

;

• the amplitudes Ak of the impulse perturbation are chaotic/random uncorrelated variables

From fitting we get:

( ) ( ) ( ), , ; 0 ,mediant r t r t t Th t t t= - £ £ "

and calculate empirical variance 

( ) ( )tt
k

i
i�

-

=

=
1

1

2
0,am 0.010 0.015 0.020 0.025

t

5.	 10� 6

0.00001

0.000015


 �t�

2
hs

since  and  
2 2

rhs s= ( )2 2
r A ts s m= × where  

( )tm
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D ��� ��t ��


� �t �

( )
yearstyears

tA 355,4.0
2

2 ££»=
m
s

s h

design a piece-wise linear map [Baranovski&Daems,  IJBC, 1995]

�
�
�

££+-

<£-+
=+ bAbA

AbbA
A

ii

ii
i 0,2

0,2
1

which is characterized by an uniform probabilistic measure on the interval [-b, b =1.095] 
with zero mean, the variance 0.4 and zero acf ( ) 1,0 ³"= nncA

.

( )tA mss h ×= 22
Since: 

( )tm
s h

2

Generation of the chaotic magnitudes of jumps

For 5y > tenor > 35 y        e. g. design of a chaotic diffusion maps [Klages & Dorfman, 
Phys. Rev. Lett., 1995]
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t b t b t b t Exp i b ty w wa wa wa w a
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� �= Q × - × �� �
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�
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CLT holds!!!

Red curve is a characteristic function 
of a normal distribution
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Switching dynamical system and its attractor 

Dynamic forecasting is still open issue! 
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Conclusions 

1. Exponential – polynomial model provides a flexible model class for term
structures of interest rates / spread curves

2. Improves performance of Nelson-Siegel and Svensson model

3. Switching dynamical systems generate stochastic/chaotic jump-diffusion 
processes and provide a convenient framework to model empirical observations 
of interest rates, CDS and bond spreads, asset prices adequately

• both in the “real” and in the “risk-neutral” world 

because 

• the sample paths can have jumps, 

• the generating distributions can be fat-tailed and skewed 

and 

• the volatilities implied from option prices can have a “smile” shape 


