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Exponential term structure of interest rates: design of dynamical system
forced by chaotic shot noise

fis % g SRR V/WestLB

%! &' 1
0*rt +



The Interest rate model -l

Exponential-polynomial term structure of interest rates [Bjork & Christensen,
1999; Filipovic, 2000]
-1

ft.2)= /(t)expfgt)+g

i=1

Q ~
Ji)= Gt z={q 0 G g} R m= p +l

k=1 i=1
Nelson-Siegel (N-S) curve

fus® =+ +Pt)exptat)  {1=2 p=2 p,=1 m=4}
Svensson (SV) curve

fou(t) = (¢ +c't)>expl git) + ¢ sexpl git) +¢;  {1=3 p =2 p,=1 p, =1 m=6}
Exponential mixture (EM) curve

-1

fEM (t) = G >GXF(- git)+cl

=1

N-S and SV methods of fitting the yield curves vt z):= (X 2 o
are widely used among central banks
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The Interest rate model -lI

Linear n-th order ordinary differential equation

-1
fO+p FV+p f2+ +hfY+pf =0, n= p+l
i=1

n-1 _
Characteristic polynomial D(g)=g"+ b_.g"'

i=1
Roots of D(g) = 0 and Vieta formula
9 =9 =T0, =0 Gou=Gp2 == Gpip, =Gos -

b, =10 gg, x>g

Matrix form R f
0 1 0 0 g 0
g O 0 1 0 0 g O "
—F=F( ) - == e
dt 0 0 1 0
3;0 - b, ’ 2 . 9 oot

Vector solution



Differential equations for N-S and SV models

Nelson-Siegel curve
fus) = (@’ +tyexpegi)+e, o =6 =9.6=6,=01=2 p=21p,=1
-1

Dimension of ODE n= p +1=3

Characteristic equation D<(g) =g° + b,g° + b,g =0
where
(i=0:6,=(-D'g +g; +3)=-29,
(1=2):b,=(-0%(0/0; +070; +9;0)= 07
(1=9:b,=(-D’9, 9,95 =0

Differential equation f(=0

f2g, f @ gffe=0—"_
9.1 % aq f & 26,0+ g2 f =0

N-S curve is a general solution of the ODE as a combination of the two

obvious particular solutions of ODEs
Svensson (SV) curve

fou(t) = (¢ +c't)expl gt) + ¢ sexpl gt) +¢, {1 =3, p, =2 p,=1 p;=1 n=4}
FV)- (2g,+0,)f @ (g +2g.0,)f & gPg,fe=0
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Fitting of the zero curves

guotes of the the default-free yield spreads (e.g. euro swap rates)
on the base date !

{slt;,¢), t, =1dayt, =2dayst, =9days,...t, =18264days(50years)
observable time period: 23.02. 2006 — 14.01. 2008

Criterion

t

r0)=y  (0)- Y62z ) @ mi

f(x,Z)dx with f(,2)= I-1/'i(t) expt gt) +

0 i:1
can be done in a closed form.

where Y(t,Z,) =

— | =
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Fitting of the zero curves : solution

Example: euro swap rates fitting
twofold solution:

~laminar” period till 17.07.08

=5 p=p,=P,=p, =3 ps =1
Jurbulent” period > 17.07.08
=5 p=p,=pP;=3 p,=ps =1

July 2008 :
:
I
I
I
I
I
1!
l
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Performance for EURIBOR (23.02.06 — 14.01.08)
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-1
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Performance of the fitting of the yield curves

the ratios
IFys 0.00653394» 9 sy _ 0.00419495» 6 I exp _ 0.0039557» 5
7 cen 0.00074 7 cen 0.00074 7 cen 0.00074
. q
where 74 =— g (l‘) mean of the cost function

r=1

Thus our yield curve fitting is about 9 and 6 times better
than conventional N-S and SV one, as well as 5 times better
than an exponential curve with | = 6, respectively!!!
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Evolution of the forward rates

instantaneous forward rate at time t for date
r(t,r):=f(t,Z,)

short rate
r(0,¢)=limr(t,z)=(0,2,)

t®0

where

Z, ={c®(t)...cS Pt hELG(t) g, 21 RT

the forward rates on the date is

with the given vector ; and initial state vector r(O,z‘ )
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Continuous Subsyste

" &

& *. ' |

Discrete Subsyste

Discrete
Subsystem

dt
-
=P

I & =>7?

r | Continuous (g
Subsystem I~

5 /11 YO#

|:( )X’ ~ shot noise

\

~Sr=F( pr+ ot £7)

rrt -1t 1)'/

[Baranovski&Rybin, 1987]

Assuming Z, is given —evolution of r as a train of curves

X © f(O,Zz)- f(T’Zl)

““““““““““ t 6 :

S & e
-/ "0

(o) =1(0Z,.,)-1(TZ,)

a law for the impulse perturbation

r+1:P( £t -1 1)

(27 40,29 (2% 0) »()r(tT 07) =f ® @ Yx,

a law for the short rates
4 & N& I



Design of a hybrid dynamical system

Optimal fit solves n-th order switching ODE

£ 40,,(g) 1"+ b,,(g)1 "2 +..+ (g )T O+ by(g, )t =x, ot~ £T)

-1 13 ris"laminar" =5 p=p,=p;=p,= 3|05=1

Where n - p| +1: [1] 11
- 11, tis"turbulent"” =5 p=p,=p;=3 p,=Pps =

Example: NS fit fus(t:2) =6(t)+(c(¢)+ (¢ )t) expe ot )t)

z)

> @2 rGgire=x dlt- 1) 2,0 (X.09.) =P (7,700

where stochastic perturbation is

x =1(02,,)- 1(T.Z,)° 6t +1)+c, (¢ +1)- c,¢)- (6, (t)+ (¢ )T)>expe 6, T)

From the output of the above fitting procedure we retrieve the time series

{c.()e.l)esle)alr =12 a=474
for the observable time period: 23.02. 2006 — 14.01. 2008

Goal: to design a generator with the given stat. properties of both processes ()and ()
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Statistical analysisof ()and ()

Histogram of

9

Histogram of X,
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Statistical analysisof ()and ()

Mean: E(D'g, )= E(D'x, )= 0," k

. 2 2
Variance: Sy .S,  grow exponentially

2
d SDkg

In ® 0.00594878
dk 5[2j< k® ¥

the both processes are diffusion processes!

n 2 & k

50F

Sample autocorrelation functions

D'g,, k=110, 20

D'x,, k=110, 20

U
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Mutual correlationof ()and ()

Pearson product-moment correlation coefficient :

stsl gk
R(j,k)=—222C D, xg,,; j=0L...k=0L..
q- k- J =21
R S
k
j
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Pearson product-moment correlation coefficient
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design a generator with the given stat. properties of both processes ()and ()

4

> @29 r®gre=x dt-t7T), 2,°(Xwga) =P (Z.2.02)
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Approach IlI: F is a constant state matrix .

. Alt)
r }t’[median)
idea: we find T (t,Z ogian) = Median( r(tr )t =1, ...,q) /ﬁ
/C ‘

and find from fitting

Ztmedian ::{ Ci(l) ([median)’ e C(:p_-ll) ([ mediai)} E{g 1 (ZL media)i' " ’g -1 (l‘ medi}n

r(t,f . ) isa solution of the ODE 0 1 0 0
( medlan) 0 0 1 0 0
d | _
ar =F x with F= 0 0 1 0
0 0 1
We assume that " 4 $h such that - bO( fixed) - bl( median) - bn-l( median)

((t,2)=r (t£ eaan) ¥7 (t); OFt £T, "¢

ﬂ = 67 /& ;' AT 15
d=Fx dt +dh7, 0 £t £T, "t B'I*& & & /& 6C & " 7@

67: rW()6=7



Dynamical system forced by shot noise

We consider:

d=Fxdt+d, O £t £T
N(t)
d = Ad(t-t)dt

x(t)

t, are successive occurrence times of - impulses:

N(t) = max{k 't £ t} is a counting process.
The impulse perturbation acts on system: I (t, +0) =r (t, - 0)+A ,

we assume that r is a cadlag function.
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1D case: stat. analysis of the forcing signal

Random/Chaotic markegl point process
k+1

dh t

—=x(t) Alt)= x(@)d
a ° Y & h =h_, +A
N(t) k k-1
= A ° My (n(0)= 0) |
- — k1 'tk tk+1 TI
Tk T+t g

D(nIN(1))=N()D(A+2  (N()- n)g(n

ci(k) = E(AA,) acf

s;°D(n)=E D |IN(t) + D E(# [N(1)) Law of total variance

D(1), 0 =D(AVE(N(D)+ D(N()) E(A={ AN



1D case: stat. analysis of the forcing signal

A Weak Invariance Principle
. 1 “
WL t) = = Ai"
(Y JS2JL s 2JL in

ti [0, .,k 041,..L

weakly converges (L ) to the Wiener measure. The partial sum
converges in distribution to the Wiener process W [Chernov,1995].

1“A<+1 =F (Ak)

the distribution function of (t) is
Pl £2)=  PIN(E)=K)P(s, £2)® N(0,52,)
k
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Example: asset prices model

w M
Asset price process is modelled as das _rdt +dh - | M\ M
h WM ﬁ Mfﬂﬁ
dh =x(t) dt - Jﬂ/ | MMW
Asset prices exhibit jumps or spikes! A== ) m

_ DAX: 1970-2006
Properties:

1) Markov property: the next asset price (S+dS) depends solely on today’s price

2) The next value for S is higher than the old by an amount
E(dS) = rSdt( as £ M) =0)
3) Variance of dS is

D(dS)= E d3)- B( dp= E§ M’)= *S(Dhj= *s (D AN

s2dt foracas#1°s W
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Valuation of European options

We want to price a call option:

Or equiv.:

¥

C(tK)=e"E(S K = & (x Hm( dk

K

m(dx) = ps( % 1) dx
Sl -1 g gm0
(n)=Tp(se y=1 o see K

= P(N(t):n)le/?n+l n X orx
n=0 ﬂX S)
¥ X 1
=  P{N(t)=n)x In — -rx —,
PN =n)=p,, I o »
s? D(A

where r=r- =— s?= — 1
2 T



Distribution of partial sums of jumps-I

n+

A)

1

Problem: to find pdf of oy = A, WhereA,, =F (

k=1 A

F(X):{/’i(x): a x+ b, ] J,3 1,2,...1m A
F:-(aa® { ad, = 0

a

-a a

A

P()= dF(X- YRk oo = 3 a £ pe0, b RS

2a

X

Recurrence equation for char. function [Baranovski&Schwarz, IEEE, 2003]:

k

Q (W) =Elexp(jum,))=E exp j uwA =Q, .,

i=1

oD
m 1 - w
Q.. )= =2 * xQ U + 1,
|=1‘a1‘
1

3
with Q)= e p(Rde & def 1

1774

k positions

)



Distribution of partial sums of jumps-I|

1 ¥ .
h = K > dwr
P, (X) 2,0_¥Q(W)e

{signix+/,(F ,k)- /,(F k)] sigrix+/,(F,k)[}, - kaf x£ ka

kol k-1 k-1 k-1 kol
where /,(j K)=0) = /,(7 k)= b|p>(£)i- G .K)= O2+1
n=1 a1n‘ n=1 p=n I=1 ‘ah ‘ n=l p=n aip
Example: 05
s Ps (X 1)
K =34€S, = 30€s = 0.2; oo
T =05/ =1/T ,a=y3Tsx 0.245D( A 3; o2
p.(X)=/e’* - o X
# $ % $ I /& 0



Chaotic option pricing formula

1 ok-1 W 1“A<+l:F(A<)
Qk(W)=2k_1 e Q F(Zj'l)
j=1
L 2j-1 . .
fpye LD S for = 12,2 (1D =0 .
f(k-1,j- 2°%),for = 2% 1,..8° -

S€(&- &) K2 azzij'_ll, if )< B

1Sbé*(§2- &) k(B B if B B}k B
0, if B(t)>B,.

127 1
Za i=1 2| =

C, (LK) =

B(t)=1In é - rxt, B, =2ax f( j,i) B, =B, +Zag2j_%ll

J
2
cltk)=e™ " A{N()=1G(1H
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Comparison with Black-Scholes and "smile"

)
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Monte-Carlo Simulation and Black-Scholes

N(Y) ¥
. M r% "Al(j) + Ak(j)
C(tK)=e™E (S K :ﬁ se = - K
j
A<+1(j) =F (Ak(j))’ . . :
: N : T\ =/ (Tk(‘)), TV isarandom
Fisatent mapﬁ(’) isa uniformrandot
4
m)
2
1
Tk
05 1 15
p(x)=/ €’
7 maturity |
I 1 5]

%! &' 1 3
0*rt +
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Building hybrid (stochastic/chaotic) processes
by Brownian subordination

W (h(t))- 2 W ® N (0,1) Alt)= A

Properties:

=(w(n)=E E(Wn)In) = Ho)=0

D(W(n))=E D(W(h)Ih) + D Ewh)h) = En ()

h(t)

=E E(nIN(1)) =E N()xE A =N >A A0

Plw(n)<} = PAIN()=KHxRWhH) <y N) =k

k _
N(o,kxA)



Hybrid option pricing formula

=+

N(Y)
rt+w A

C(tK)=e™E gxe = -K




Dynamical system forced by shot noise

We consider:

dr=Fxdt+d, O£t £T
N(Y)
d = Adt-t)dt

where is a cadlag function and F has simple real negative eigenvalues:
an exponential term structure of interest rates

k-1
a general solution rt)= E() 'r,+ E(t-t) *A, att  E£t<t

=1

D
1 1 ... 1 e 0 0 O
ot

where = 4 & gy 0 &% 0 0
0 O .. O
g g .. 4 0 0 0 e

Pl - & &
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Magnitudes of jJumps: empirical evidence

AS

Is a cadlag one can derive

Ac=r(t)- xE(Te,) x 7 (t,,)

Assume: successive occurrence times of —impulses are t, =k:sW

Ae)=r (kw) - E( W X" (i 1) oYy

 observable time period: 23.02. 2006 ( =1) — 14.01. 2008 6: 97

Day-to-day dynamics of the magnitudes on the trade day 04.12.2007 ( = 455)

First component

A

Last component

A

k

A
0.00011831 f
0.00011831 |

000011831 |

0.00011831

0.00011831 -

T S S S
0.02

T S B
0.04

I I I
0.05

I S
0.06

— years

P

500F—

a00f Lglgglgj
300F L414414ﬂ

200f LAT“144L4ﬁ

100f T

“7““““‘““““““““““years
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—
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just (n-2)-th derivative of a solution r(t) changes by jump: A, = (0, 0, ,OA<)T
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Dynamical system forced by periodic shot noise

1. successive occurrence times of —impulses are t, =k>W

T

2. the vector of magnitudes Ak:(0,0, ,OA)

solution > _
j _ k-1 o
B(0)=5r 0 E)= a,, (A =08 n- ozt (k W)
p=1
where: & (t) — n_ls g viv P S .., are the elements of the inverse matrix !
P, ] n i
i=1
k-1
Mean: T =E(r (1)) =A a, ()
p=1
k-1 k 2 k-11
Variance: S, ° D(rj (t))= sxoas(t)r2 c(l) a;(thi(t)
Characteristic function: - - -
) CLT
y,w.t)° E(iwxr, (t) =Q..(na,, (t) wa,, (t), wa, ))tg;) codT; w ex;é 2w’s, )



Example: periodic perturbation

Example: < observable time period: 23.02. 2006 — 14.01. 2008

» the amplitudes Ak of the impulse perturbation are chaotic/random uncorrelated variables

e diar) IS a median fitted curve of the instantaneous forward rate on the date D D

r(t,z

with a spectrum g, =- 421, 9,=- 268 g,=- 194, g9, =- 383 g, =- 159

v

rV) +14.24¢ ") +8225x00¢+208.80% 06:267.94x 43277 x Adf i -)

From fitting we get:
A)=r(t,2) -1 (7 o) ELET "2 ‘ ”(t)

and calculate empirical variance s,f somoq, |

2 k-1

° oand S/ =5§>m(t) where n(t): - afo(t)

since 7 =S

i=1

Pl - & &
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Generation of the chaotic magnitudes of jumps

Si : t
Ince ,5‘/3 :Sixﬂ(t) |::> 1.25— 5—/3
LY,

08

06

0.4

s:=—7":» 04, SyearsEt £ 35years

L L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1
t
n( ) 0 10 20 30 40 50

s? 02
t

design a piece-wise linear map [Baranovski&Daems, 1JBC, 1995]

_ 2A +hb, -bEA <O
A = - 2A +h, 0E£AEDb

which is characterized by an uniform probabilistic measure on the interval [-b, b =1.095]
with zero mean, the variance 0.4 and zero acf ¢,(n)=0," n3 1

For 5y > tenor > 35y - e. g. design of a chaotic diffusion maps [Klages & Dorfman,
Phys. Rev. Lett., 1995]

Pl - & &
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CLT holds!!!

] k-1
y,wit)=Q.(2wa,, (1), 2wa, (1), ,2wa,,(1)xExp -ixy = (19
- . & &
characteristic function of r (t) &
67 TN
& &
& \
)& !
67 /01 0 N
& &
&
N& !
67 A )
Red curve is a characteristic function g &
of a normal distribution &
N& !
67
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Switching dynamical system and its attractor

M) +14.24¢ (V) +82.25:000+208.80x ¢6267.94% 43277 x A df i -)

i
- at?
0'5; A<+1
/\A/\/\RKTA AN
/ V IV \é\/ 10
A
attractor:

Dynamic forecasting is still open issue!

Ry
#1118 % 1$!
%l &
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Conclusions

Exponential — polynomial model provides a flexible model class for term
structures of interest rates / spread curves

Improves performance of Nelson-Siegel and Svensson model
Switching dynamical systems generate stochastic/chaotic jump-diffusion

processes and provide a convenient framework to model empirical observations
of interest rates, CDS and bond spreads, asset prices adequately

. both in the “real” and in the “risk-neutral” world
because
. the sample paths can have jumps,

. the generating distributions can be fat-tailed and skewed
and
. the volatilities implied from option prices can have a “smile” shape
Pl - & I& T
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