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Structured Products : Overview

@ A structured Product is a complex deal that pays exotic
couponsC; in future datesT;. The deal could involve an
option that allows to cancel the deal before its maturity.

@ The coupons are mathematical functions of one or many
market indices : Stock Index, Swap Rates, FX rates... Usuall
the underlying indices are transparently observed by the tw
counter-parties

G= (k(Tj);j ik=1:n)

o The dealers : Investment banks (Exotic trading desks)
o The investors : Corporate, Insurance, Pension funds, Hedge

Funds..
(5o
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Structured Products : Pricing

@ The price that the investor pays includeke hedging cost
and the commercial margin .

e Pricing and Hedging are intimately related, they should be
determined simultaneously : the dealer may sell at a
conservative price and loose because of a miss-hedging
strategy.

o In order to get the price and the hedging strategy, we use
stochastic models:

ds(t)= dt+ dw(t)
@ The main question :how should we choose our models?

(o
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Single Asset Structured Products : delta hedging

@ Let us consider a structured product indexed on a single asse
-G = (I(Tj);j 1), with a fair price (t)
@ The rst order risk : Delta risk

()=@ (1)

@ Once the delta risk is hedged, it remains a second order risk :
Gamma risk

() S()= t+S(S{t)*+o(t)

o In order to get a price, we need to estimate the quadratic risk
(gamma risk) 3 we use gaussian or Log-normal di usions,
and thevolatility parameter determines the Gamma cost

o Gaussian ModeldS = dt + dw
o Log Normal Model & = dt + dw (JRC
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Single Asset Structured Products : Gamma hedging

@ The rst class of exotic products are Calls and Puts : called
Vanilla Options Or Gamma Options or Volatility Options

o The dealers created new complex products, and used Vanilla
options to hedge their Gamma Risks

e But, as the quantity of the Gamma hedge is not stable and
depends for some exotic products on the level of the
underlying or the the implied volatility, we need stochasti
variance models (Heston example):

ds
St

P —
th = k( Vt)dt + thZt

P —
= dt+ Vi dW;

where W and Z are two correlated brownians (]Rp
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Multi Asset Structured Products : Delta hedging

@ Let us consider a structured product indexed on N assets :
G = (I(Tj)=In(Ty)sj 1), with a fair price (t)
@ The rst order risk : Delta risk

k()= @ (1)

@ Once the delta risk is hedged, it remains a second order risk :
Cross Gamma risk

X XX i
(t) k k()= t+ —- i®) Lt +o( 1)

(o
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Multi Asset Structured Products : Cross Gamma Hedog

The single gamma risk could be hedged by Gamma Options

The cross gamma risk depends on the volatilities and the
correlation

Historical analysis shows that Correlation is as volatite a
volatilities

A suitable modeling framework will consider a stochastic
variance-covariance matrix (Example Wishart):

p
da = thWt
T P P 1T
dv; = ( KV: ViK )dt + QdZ( Vi + Vi dZt Q
where S is a vector of N assets prices, W is a N-brownian
vector and Z is a N-brownian matrix.

Unfortunately, this modeling framework is not widely used j
exotic desks !
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Multi Asset Structured Products (Equity Derivatives):

Market Practice

o Dealers are globally sellers of Basket structured Products

e They Hedge their rst order risks : Deltas, but it remains
second order risks : Gamma and Cross Gamma

o That leads to an exposition to the realizations of the Varamn
and Covariance between the assets returns

o To hedge these toxic risks, dealers use Variance or Vdiatili
Swaps and Correlation Swaps

(o
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What is wrong with the actual hedge?

o Dealers are exposed to the product of the correlation and
volatility

@ So the needed quantities of both correlation and volatility
swaps depend on the market conditions

e =) Exposition to the volatilities of both Volatility and
Correlation

o But Dealers didn't price these toxic risks : modeling weagsie

o Correlation and Volatility Swaps hedged a signi cant padrf
advanced desks, but there still a big problem : How should we
model the assets di usion in order to take into account the
toxic risks?Risk magazine July 2008 : Sunk by correlation

(o
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Historical Analysis : Volatility and Correlation

o We analyze the average of 1M volatilities and the average of
1M correlations between 10 Big cap rms from the CAC40
Index

@ The Volatility of Volatility=24%

o The volatility of Correlation=63%

@ The correlation between volatility and correlation =50%
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History of the Market Practice

o Black and Scholes introduced Log-normal di usion in 1973 fo
Stocks di usion

@ In the 90's, emergence of stochastic volatility models (tded
and Local volatility models (Dupire) for single asset diioss

@ The fast success of Basket structured Products pushed dsale
to adapt rapidly their models to deal with Multi-assets
Dynamics.

e =) They simply addedleterministic correlation between
asset returns

(o
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Conclusion

@ The hypothesis of constant correlation leads to hedging
mismatch

@ But how could we model stochastic correlation matrix?

e =) itis a hard task to model stochastic matrices under the
correlation constraints

@ As a conclusion, What should we learn from the crisis?

@ We should shift from volatility and correlation descriptiaf
toxic risks, toVariance-Covariance one

@ We should use stochastic Variance Covariance Models, auste
of deterministic correlation models (even with stochastic
correlation)

(o
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Example of Stochastic Variance Covariance Model :

Dynamic

The variance covariance matrix evolves stochasticallyarritie
dynamic

p— p—
dVy = (Vi Vydt+  VedW:Q+ QTdw,

Vo= Vo
with :
o Q is n invertible matrix
e >0

@ Vp,V1 are symmetric de nite matrix
o W is a Brownian motion matrix

(o
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The joint Dynamic

o Under the forward measure we introduce correlations betwee
the assets and the variance-covariance maitrix noises

P —
ds = thZt
p_— p_—
dvy = (Vi Vydt+  VedW,Q+ QTdw, V,

o The only way to have an a ne model is to introduce
correlation such as :

q_——
dz, = 1 k k2dB; + dw,

where is a vector such thak k < 1 andB; is a vectorial
Brownian motion independent oiV;

(o
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The Basket Process

P .
This dynamic implies that each basket proceBs= ., w;S!
follows a Gaussian model with CIR process for volatility enthe
forward measure :
dp, = P iz
dv= ( wdt+ ©vow
d< z;w>= dt

) Use the FFT technique for European basket options pricing

(o
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Example : Spread options

The dynamic of the spread proce¥s = S? Stis:
dv, = iz
dv= ( wdt+ ©vdw

where

= vit+ vZ2 ovi?
q
=2 (g1 m2)?2+(02 Q21)?

_ ot i)+ 2(ger O22)
- VM
(11 G12)?+ (022 0O21)?

Vo= Vgt + V2 2vg?

(o
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Spread options : calibration Process

(5.6.v9,5.75)

F(k, 01, VL, 61, p1. B2, V2, 62, po, VI2, V2, Q) L

I

Stl :Hl.Vou.,SI./q 4+
St2 0, Vl]m. . 2

Calibration with options on
one-dimensional underlying

remains : VI2 V2 g1, g2, g1 G2

3 o g .
G+ @ =01

Wirite :
g1 = 0p/2cos(v)
12 = 82/25in(0)
ga1 = 01/2sin(¢)
Q2= 52,/2(.05(!.‘)

with constraints : 5

G+ =35

f\f + rY§ — 201dasin(er + 1)

v

3 degrees of freedom : VJ2, V22 ¢ + ) |
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Spread options : Underlyings/Covariance Correlation

(o
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Spread options : Volatility of Volatility E ect
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Spread options : Covariance E ect
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Spread options : Correlation between volatility process
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